Abstract. Let G be a group and ω(G) be the set of element orders of G, k ∈ ω(G) and s k be the number of elements of order k in G, nse(G) = {s k k ∈ ω(G)}. PSL(3, 2) and PSL(3, 4) are unique determined by nse(G). In this paper, we prove that if G is a group such that nse(G)=nse(PSU (3, 4) ), then G PSU(3, 4).
Introduction
In 1987, J. G. Thompson posed a very interesting problem related to algebraic number fields as follows (see [1] ).
Thompsons Problem. Let T(G) = {(n, s n ) n ∈ ω(G) and s n ∈nse(G)}, where s n is the number of elements with order n. Suppose that T(G) = T(H). If G is a finite solvable group, is it true that H is also necessarily solvable?.
It is easy to see that if G and H are of the same order type, then nse(G)=nse(H) and |G| = |H|.
Let G be a group and M some simple K i -group, i = 3, 4, then G M if and only if |G| = |M| and nse(G)=nse(M) (see [2, 3] ). And also the group A 12 is characterizable by order and nse (see [4] ). Recently, all sporadic simple groups are characterizable by nse and order (see [5] ).
Comparing the sizes of elements of same order but disregarding the actual orders of elements in T(G) of the Thompson Problem, in other words, it remains only nse(G), whether can it characterize finite simple groups? Up to now, some groups especial for PSL(2, q), where q ∈ {7, 8, 9, 11, 13}, can be characterized by only the set nse(G) (see [6, 7] ).
Some Lemmas
Lemma 2.1. [10] Let G be a finite group and m be a positive integer dividing |G|.
Lemma 2.2.
[11] Let G be a finite group and p ∈ π(G) be odd. Suppose that P is a Sylow p-subgroup of G and n = p s m with (p, m) = 1. If P is not cyclic and s > 1, then the number of elements of order n is always a multiple of p s .
Lemma 2.3. [7] Let G be a group containing more than two elements. If the maximal numbers of elements of the same order in G is finite, then G is finite and |G| ≤ s(s 2 − 1). (1) q
(2) The order of some chief factor of G is divided by q
To prove G PSU(3, 4), we need the structure of simple K 4 -groups.
Lemma 2.5. [13] Let G be a simple K 4 -group. Then G is isomorphic to one of the following groups:
(1) A 7 , A 8 , A 9 or A 10 . (c) L 2 (3 m ), where
(4) One of the following 28 simple groups:
Lemma 2.6. Let G be a simple K 4 -group and 5 2 | |G| | 2 6 .3.5 2 .13. Then G PSU(3, 4), PSL(2, 25).
Proof. From Lemma 2.5(1)(2), order consideration rules out this case. So we consider Lemma 2.5(3). We will deal with this with the following cases:
, where r ∈ {3, 5, 13}.
Let r=13, then |π(q 2 − 1)| = 3, then 7 | |G|, a contradiction. Case 3. G PSL(2, 3 m ). We will consider the case by the following two subcases. Let u=13, then m=3, and so 28 = 4t b . It follows that t=7, b=1, and so 7 | |G|, a contradiction.
In review of Lemma 2.5(4), G PSU(3, 4), PSL (2, 25) .
This completes the proof of the Lemma.
Main theorem and its proof
Let G be a group such that nse(G)=nse(PSU (3, 4) ), and s n be the number of elements of order n. By Lemma 2.3 we have G is finite. We note that s n = kφ(n), where k is the number of cyclic subgroups of order n. Also we note that if n > 2, then φ(n) is even. If m ∈ ω(G), then by Lemma 2.1 and the above discussion, we have If 2 a ∈ ω(G), then φ(2 a ) = 2 a−1 | s 2 a and so 0 ≤ a ≤ 9.
If 3 a ∈ ω(G), then 1 ≤ a ≤ 2.
If 5 a ∈ ω(G), then 1 ≤ a ≤ 3.
If 7
a ∈ ω(G), then 1 ≤ a ≤ 2. If a=2, then by (1), s 7 2 nse(G). So a=1.
If 13
a ∈ ω(G), then 1 ≤ a ≤ 2. If a=2, then by (1), s 13 2 nse(G). So a=1.
Therefore we have that {2} π(G) {2, 3, 5, 7, 13}. Since exp(P 2 )=2, ..., 64, 512, then by Lemma 2.1, |P 2 | | 1 + s 2 + s 2 2 + ... + s 2 9 and so |P 2 | | 2 9 .
If 3 ∈ π(G) and exp(P 3 )=3, 9, 27, then by Lemma 2.1, |P 3 | | 1 + s 3 + s 9 + s 27 and so |P 3 | | 3 5 . Hence 3, 7, or 13 belongs to π(G). We divide the proof into the following cases.
Case a. Let 7 ∈ π(G). Then by Lemma 2.1, |P 7 | | 1 + s 7 and so |P 7 | = 7. Since n 7 = s 7 /φ(7), then 3, 5π(G), a contradiction.
Case b. Let 5 ∈ π(G). Since φ(5) = φ(2.5), then s 2.5 =5824.
If 4.5 ∈ ω(G), set P and Q are Sylow 5-subgroup of G, then P and Q are conjugate in G and so C G (P) and C G (Q) are also conjugate in G. Therefore we have If 5 2 .3 ∈ ω(G), set P and Q are Sylow 3-subgroup of G, then P and Q are conjugate in G and so C G (P) and C G (Q) are also conjugate in G. Therefore we have s 5 2 .3 = φ(5 2 .3).n 3 .k, where k is the number of cyclic subgroups of order 25 in C G (P 3 Case c. Let 3 ∈ π(G). We know that exp(P 3 )=3, or 9.
Let exp(P 3 )=3. Then by Lemma 2.1, Let exp(P 3 )=9. Then by Lemma 2.1, |P 3 | | 1 + s 3 and so |P 3 | = 9. Since n 3 = s 3 2 /φ(3 2 ), then 5 ∈ π(G), a contradiction.
Therefore 13 ∈ π(G).
Let 7 ∈ π(G). If 7.13 ∈ ω(G), then by Lemma 2.1, 7.13 | 1 + s 7 + s 13 + s 7.13 and so s 7.13 nse(G). Therefore 7.13 ω(G). It follows that the Sylow 7-subgroup of G acts fixed point freely on the set of elements of order 13 and so |P 7 | | s 13 , a contradiction. Therefore 7 π(G). So π(G) {2, 3, 5, 13}.
In the following, we consider the proper set of {2, 3, 5, 13} which contains the primes 2 and 13.
Case a. π(G) = {2, 13}. Since exp(P 13 )=13, then by Lemma 2.1, |P 13 | | 1 + s 13 and so |P 13 | = 13. Since n 13 = s 13 /φ(13), then 3, 5 ∈ π(G), a contradiction. Case b. π(G) = {2, 3, 13}. Similarly as the "Case a π(G) = {2, 13}", 5 ∈ π(G), a contradiction. Case c. π(G) = {2, 5, 13}. Similarly as the "Case a π(G) = {2, 13}", 3 ∈ π(G), a contradiction. Case d. π(G) = {2, 3, 5, 13}. In the following, we first prove the possible orders of G and then show that there is no group such that |G| = 2 m .3.5 2 .13, where m=7, 8 and nse(G)=nse(PSU (3, 4) ). Finally have the desired result by [3] .
Step 1. |G| = 2 m .3.5 2 .13, where m=6, 7, 8.
